We study N = 2 SU(2) supersymmetric QCD with massive hypermultiplets deformed in the Nekrasov-Shatashvili limit of the Omega-background. The prepotential of the low-energy effective theory is determined by the WKB solution of the quantum Seiberg-Witten curve. We calculate the deformed Seiberg-Witten periods around the massless monoplole point explicitly up to the fourth order in the deformation parameter.
Introduction
The Seiberg-Witten (SW) solution [1, 2] of the prepotential of N = 2 supersymmetric gauge theory enables us to understand both weak and strong coupling physics of the theory such as instanton effects, the duality of the BPS spectrum [1, 2] and nonlocal superconformal fixed point [3, 4] . In the weak coupling region, the Nekrasov partition function [5, 6] , where the gauge theory is defined in the Ω-background [7] , provides an exact formula of the prepotential including the nonperturbative instanton effects. The Nekrasov partition function can be computed with the help of the localization technique.
At strong coupling region, however, we do not know the localization method to reproduce the prepotential around the massless monopole point.
The Nekrasov function is related to the conformal block of two dimensional conformal field theory [8, 9] and also the partition function of topological string theory [10] . The analysis of the conformal block with insertion of the surface operator [11, 12, 13] leads to the concept of the quantum Seiberg-Witten curve. The solution of the quantum curve gives the low-energy effective theory of the Ω-deformed theories, which are parametrized by two deformation parameters ǫ 1 and ǫ 2 . In the Nekrasov-Shatashvili limit [14] of the Ω-background, where one of the deformation parameters ǫ 2 is set to be zero, the quantum curve becomes the ordinary differential equation. The quantum SW curve is obtained from the quantization procedure of the symplectic structure defined by the SW differential [15] where the parameter ǫ 1 plays a role of the Planck constant . In particular, the SW curve for SU(2) Yang-Mills theory becomes the Schrödinger equation with the sine-Gordon potential and the higer order corrections to the deformed period integrals in the weak coupling have been calculated by using the WKB analysis [16] . This was generalized to N = 2 SU(N) SQCD [17] . Note that the SW curve for N = 2 * SU(2) gauge theory corresponds to the Lamé equation and the deformed period integrals also have been calculated by using the WKB analysis [18, 19] . One can derive the Bohr-Sommerfeld quantization conditions which are nothing but the Baxter's T-Q relations of the integrable system [17, 20, 21] . The deformed period integral agrees with that obtained from the Nekrasov partition function.
It is interesting to study perturbative and non-pertubative quantum corrections in the strong coupling region of the moduli space, which might change the strong coupling dynamics of the theory. In [22] , the perturbative corrections around the massless monopole point in the N = 2 SU(2) super Yang-Mills theory have been studied. In [23] , the 1-instanton correction in to the dual prepotential has been calculated. In [24, 25, 26, 27] , the non-perturbative aspects of the expansion in N = 2 theories have been studied.
The purpose of this work is to study systematically perturbative corrections in to the prepotential at strong coupling where the BPS monopole becomes massless for N = 2 SU(2) SQCD with N f = 1, 2, 3, 4 hypermultiplets. We investigate quantum corrections to the period integrals of the SW differential and the prepotential up to the fourth order in the deformation parameter .
This paper is organized as follows: In Section 2, we review the quantization of the SW curve and the quantum periods for N = 2 SU(2) SQCD. In Section 3, we show that the quantum correction can be expressed by acting the differential operator on the undeformed SW periods in detail. In Section 4, we calculate the quantum periods in the weak coupling region for N = 2 SU(2) SQCD and confirm that they agree with those obtained from the Nekrasov partition function. In Section 5, we study the expansions of the periods around the massless monopole point in the moduli space. We consider how the effective coupling and the massless monopole point are deformed by . In Section 6, we add some comments and discussions.
2 Quantum SW curve for N = 2 SU(2) SQCD
The Seiberg-Witten curve for N = 2 SU(2) gauge theory with N f (= 0, . . . , 4) hypermultiplets is given by with Λ N f being a QCD scale parameter for N f ≤ 3 andΛ = √ q for N f = 4. Here q = e 2πiτ U V and τ U V denotes the UV coupling constant [28, 8] . K(p) and 
Let α and β be a pair of canonical one-cycles on the curve. The SW periods are defined 6) where p(x) is a solution of (2.1). Then the prepotential F (a) is determined by
The SW differential defines a symplectic form dλ SW = dp∧dx on the (p, x) space. The quantum SW curve is obtained by regarding the coordinate p as the differential operator
. We have the differential equations
where
. Here we take the ordering prescription of the differential operators as in [17] . This differential equation is also obtained by observing the relation between the quantum integrable models and the SW theory in the Nekrasov-Shatashvili (NS)
limit of the Ω-background [16] . This same differential equation is also obtained from the insertion of the degenerate primary field corresponding to the surface operator in the two-dimensional conformal field theory [11, 12, 13] .
In this paper, we will choose N + such that the differential equation becomes the second order differential equation of the form:
Then we convert this equation into the Schrödinger type equation by introducing Ψ(x) =
is expanded in as
The quantum SW periods are defined by the WKB solution of the equation (2.10):
and p 0 (y) = p(y). Substituting the expansion (2.13) into (2.10), we have the recursion relations for p n (x)'s. Note that p n (x) for odd n becomes a total derivative and only p 2n (x) contributes the period integral. The first three p 2n 's are given by 14) up to total derivatives. Then the quantum period integral Π = P (x)dx = (a, a D ) along the cycles α and β can be expanded in as
where Π (2n) := p 2n (x)dx. Now we study the equations satisfied by the quantum SW periods. It has been
shown that the undeformed (or classical) SW periods Π (0) obey the third order differential equation with respect to the moduli parameter u called the Picard-Fuchs equation [30, 31, 32, 33, 34, 35] . Note that ∂ u p 0 is the holomorphic diffrential on the curve. When we write the curve (2.4) in the form 18) where the weak coupling limit corresponds to e 2 → e 3 and e 1 → e 4 , we can evaluate the periods
by the hypergeometric function. Then by using quadratic and cubic transformations [36, 35] , one finds that in the weak coupling region, where u is large, the classical periods
D are given by ∆ is the discriminant of the curve. F (α, β; γ; z) and F * (α, β; γ; z) are the hypergeometric functions defined by
(2.24)
Changing the variable from z to u, the hypergeometric differential equation for F ; 1; z leads to the Picard-Fuchs equation for
. It takes the form 25) where p 1 and p 2 are given by
26)
with α = 1 12 , β =
12
and γ = 1. For the SW curve (2.1) with N f ≤ 3, the Picard-Fuchs equations (2.25) agree with those in [33, 34] . Note that for massless case, the Picard-Fuchs equation turns out to be the second order differential equation for Π (0) [32] .
The higher order correction Π (k) to the SW period Π (0) is determined by acting a differential operatorÔ k on Π (0) [10, 20, 22, 37] :
There are various ways to represent the differential operatorÔ k . For example, one can use the first and second order differential operators with respect to u to express Π (k) as
Let us study the simplest example, the N f = 0 theory. We have the quantum SW curve (2.10) with the sine-Gordon potential:
The SW periods Π (0) satisfy the Picard-Fuchs equation [30] :
The discriminant ∆ and D are given by
The second and fourth order quantum corrections are given by [10, 16, 22] 
With the help of the Picard-Fuchs equation (2.31), we find a simpler formula for Π (4) :
In the weak coupling region where u ≫ Λ 2.36) up to the fourth order in . It has been checked that the quantum curve reproduces the prepotential obtained from the NS limit of the Nekrasov partition function [16, 22] .
We can also consider the quantum SW periods in the strong coupling region. For example, at u = ±Λ 2 0 where massless monopole/dyon becomes massless, by solving the Picard-Fuchs equation in terms of hypergeometric function, we can compute the SW periods [31] . For the computation of the deformed SW periods, it is convenient to use (2.35) rather than (2.34) since the coefficients in (2.34) become singular at u = Λ 2 0 . We then find the expansion of the SW periods around u = Λ 2 0 , which are given by [22] 3 Quantum periods for N f ≥ 1 Let us study the quantum SW periods for SU(2) theory with N f ≥ 1 hypermultiplets.
We will choose N + of (2.3) such that the differential equation (2.8) become the second order differential equation. Then we convert the quantum SW curve into the Schrödinger type equation (2.10). The quantum SW periods are given by the integral of (2.15) and (2.16). These periods can be represented asÔ k Π (0) with some differential operatorsÔ k .
We will find the second and fourth order corrections to the SW periods. In the following, 
where Q 2 (x) = 0. The SW periods Π (0) satisfy the Picard-Fuchs equation (2.25) with
It is also found to satisfy the differential equation with respect to the mass parameter m:
We will calculate the corrections of the second and fourth orders in [37] to the period integrals using (2.15) and (2.16). These corrections are expressed in term of the basis
where the coefficients in (3.5) are given by
and the coefficients in (3.6) are given by
We will compare the quantum prepotential with the NS limit of the Nekrasov partition function in the weak coupling region in the next section. The above representation of the period integrals is suitable to consider the decoupling limit to the pure SU(2) theory, which is defined by m 1 → ∞ and Λ 1 → 0 with m 1 Λ 3 1 = Λ 4 0 being fixed. In the decoupling limit, the second and fourth order corrections (3.5) and (3.6) agree with (2.33) and (2.34).
In section 5, we will study the deformed period integrals in the strong coupling region, where the monopole/dyon becomes massless. In this case, the discriminant ∆ 1 of the curve has a zero of the first order where the coefficients in (3.5) and (3.6) become singular.
Since the SW periods Π (0) satisfy the Picard-Fuchs equation (2.25) and the differential equation (3.3), the differential operatorÔ k in (2.28) for the higher order corrections is defined modulo such differential operators. We note that the coefficients of the differential operator for Π (2) can be rewritten as
Using the Picard-Fuchs equation (2.25) and the differential equation (3.3), we find that the second order correction to the SW periods can be expressed as
In the similar way, we find that the fourth order correction to the SW periods is expressed as
Since all the coefficients are now regular when ∆ 1 = 0, we can easily calculate the quantum SW periods at the various strong coupling points in the Coulomb branch. 
where for the N + = 2 case Q(x) includes the 2 term. Although the quantum curves look quite different, they are shown to give the same period integrals. One reason is that the SW periods in both cases satisfy the same Picard-Fuchs equation with the discriminant ∆ 2 and D 2 : 15) and the differential equations
Since the SW periods are uniquely determined from the Picard-Fuchs equation with perturbative behaviors around singularities, the SW periods do not depend on the choice of N + . We can also check by explicit calculation that the second and fourth order corrections are given by 20) which are independent of N + . Here we adapt the expression such that all the coefficients do not have any singularity at singular points in the moduli space. Thus we conclude that the quantum SW periods, at least up to the fourth order in , do not depend on the choice of N + [17] .
As explained in the previous sections, the expressions (3. 
2 )
are given in (3.18). In the decoupling limit where m 2 → ∞ and
1 being fixed, we have the SW periods of the N f = 1 theory. Furthermore, it can be checked that the second and fourth order corrections to the SW periods become those of the N f = 1 theory.
In the case of N f = 3, we can choose N + = 1 or 2 in (2.8). Otherwise, we obtain the third order differential equation. We will take N + = 2 without loss of generality. The quantum curve is the Schrödinger type equation (2.10) with
The SW periods satisfy the Picard-Fuchs equation and the differential equations with respect to the mass parameter m i (i = 1, 2, 3) and the moduli parameter u. Since these equations are rather complicated, we will write down them for the theory with the same
In this case the discriminant ∆ 3 and D 3 become
23)
Then the Picard-Fuchs equation is obtained by substituting (3.23) and (3.24) into (2.25).
We can also confirm that the SW periods satisfy the differential equation:
We can also calculate the Picard-Fuchs equation for general mass case based on ∆ 3
and D 3 . In this case we can check that the quantum corrections to the SW periods Π
are expressed as 
The coefficients are not singular when ∆ 3 = 0. 
In this expression, however, the coefficients become singular at the point where ∆ 3 = 0.
But this representation is useful to discuss the decoupling limit to the N f = 0 theory. In the decoupling limit; m → ∞ and Λ 3 → 0 with m 3 Λ 3 = Λ 4 0 being fixed, the SW periods for N f = 3 theory agree with those for the N f = 0 theory. Moreover, we can show that the second and fourth order corrections to the quantum SW periods become those of the N f = 0 theory in this limit. 
The quantum corrections to the SW periods are expressed in term of the basis ∂ u Π (0) and
. The second order correction is given by
(3.33)
The fourth order correction is
where (3.35)
In the decoupling limit m → ∞ and q → 0 with m 4 q = Λ 4 0 being fixed, the SW periods coincide with those for the N f = 0 theory. We can also show that the second and fourth order corrections of the quantum SW periods (3.32) and (3.34) in this limit agree with those for the N f = 0 theory .
We can also consider the massless limit, where the Picard-Fuchs equation becomes a simple form:
Note that the coefficients X 1 k and X 2 k in (3.32) and (3.34) become singular in the massless limit m → 0. In the massless case, it is found that (3.32) and (3.34) are replaced by
where these formulas include the derivative with respect to q in addition to the uderivatives.
In the following sections, we will compute the quantum SW periods both in the weak and strong coupling regions and compute the deformed (dual) prepotentials.
Deformed periods in the weak coupling region
In this section, for the completeness, we will discuss the expansion of the quantum SW periods in the weak coupling region and compute the deformed prepotential for the N f theories [37, 38] . Then we compare the prepotential with the NS limit of the Nekrasov partition function [17] . Note that the deformed prepotentials for N f = 1, 2, 4 are obtained 
N f ≤ 3
In the case of N f = 1, the discriminant ∆ 1 and D 1 is given by (3.2). Expanding a (0) (u) and a
D (u) around u = ∞ and substituting them into (3.11) and (3.12), we obtain the expansions around u = ∞. They are found to be 
Solving u in terms of a in (4.1) and substituting it into a D , a D becomes a function of a.
Then integrating it over a, we obtain the deformed prepotential:
where the first few coefficients of F 
In a similar way, we can calculate the deformed prepotentials for N f = 2 and 3 theories, which are expanded as
where some coefficients F (2k,n) N f (k = 0, 1, 2) are given in appendix A. The perturbative parts are given by 8) where
These deformed prepotentials are shown to be consistent with the decoupling limits.
We now compare the prepotentials for N f = 1, 2, 3 theories with the NS limit of the Nekrasov partition functions. By rescaling the parameters , m i (i = 1, 2, 3), and Λ N f as 10) where the perturbative part is given by
The first several coefficients F (2k,n) 4
for k = 0, 1, 2 are given in appendix A.3. By rescaling the parameters , m and q as 
Then, using (3.37) and (3.38), the second and fourth order corrections to the SW periods can be written as
It is found that the prepotential obtained from (4.14), (4.16) and (4.17) coincides with (4.10) for m = 0. 
Deformed effective coupling constant
Then taking the u-derivative of the quantum SW period Π = ∞ k=0 2k Π (2k) , we have
The deformed effective coupling is defined by
The leading correction to the classical coupling constant In a similar way we can compute the coefficient Y 
For N f = 2, we have 27) where
2 ). (4.28) For N f = 3, we have
where b 3 and c 3 is given by (3.26) . For N f = 4, we find
We have confirmed that the above formulas are consistent with the decoupling limit and the deformed periods agree with those obtained from the NS limit of the Nekrasov partition function explicitly up to the fourth order in .
Deformed periods around the massless monopole point
In this section, we consider the quantum SW periods in the strong coupling region of .2) and integrating with respect to u, the SW periods can be given in the following form given up to constant which is independent ofũ. The integer l is defined as the smallest integer which gives nonzero r n i.e. r n = 0 (n < l) and r l = 0. B n and A n are expressed in terms of r n and s n . First three terms of B n and A n are given by
, (5.7)
The higher order corrections inũ can be calculated in a similar way. Once the SW periods around the massless monopole point are obtained, the quantum SW periods can be calculated by applying the differential operators as is in the weak coupling region.
Thus what we have to do is to obtain the explicit value of u 0 , which is one of the zero of ∆, and the series expansion of z and (−D) 1/4 around u 0 . However, for general mass parameters, the expression of u 0 is slightly complicated. Therefor we only give explicit expression of the quantum SW periods in simpler cases; massless hypermultiplets and massive hypermultiplets with the same mass.
Before going to these examples, we will discuss an interesting phenomena due to the quantum corrections. Although the undeformed SW period a 
0 and B
0 are observed to be non-zero by explicit calculation. We then find the massless monopole point U 0 of the deformed theory is expressed as
where u 1 and u 2 are determined by
We will compute these corrections explicitly in the following examples.
Massless hypermultiplets
We discuss the case where mass of the hypermutitplets is zero. This case gives a simple and interesting example since the moduli space admits some discrete symmetry. We will consider the massless monopole point in the moduli space. The solution of the PicardFuchs equation around the massless monopole point u 0 has been studied in [32] .
For the N f = 1 theory, the massless monopole point is u 0 = −3Λ 
from which we can read off the coefficients r n and s n in the expansions (5.3).
Substituting these coefficients into (5.4) and (5.5), we can obtain the SW periods
D (u)). Then, using the relations (3.11) and (3.12), we obtain the expansion of the quantum SW periods aroundũ = 0: 
Inverting the series of a D in terms ofũ, we obtainũ as a function of a D . Substitutingũ into a and integrating a with respect to a D , we obtain the dual prepotential: 17) where the first several coefficients F (2k,n) D1
(k = 0, 1, 2) are listed in the table 2.
For N f = 2, the massless monopole point is u 0 = Λ Then we have 
We then obtain the deformed dual prepotentials for the N f = 2 and 3 theories, which are given by
for N f = 2 and 27) for N f = 3, where the first several coefficients F The dual prepotentials include the classical term and one loop term as (4.4), (4.7) and (4.8) in the weak coupling region. These terms also appear in the pure SU(2) theory [22] . Table 3 : The coefficients of the dual prepotential for the N f = 2 theory, wherec(2) = −i2 −5/2 [32] . Table 4 : The coefficients of the dual prepotential for the N f = 3 theory, wherec(3) = i2 −13/2 [32] .
Now we compute the shifted massless monopole point U 0 in the u-plane in these examples. Using the expansion of a D , we obtain
(5.28)
In next subsection, we will discuss the expansion around the massless monopole point u 0 for the theory with massive hypermultipltes with the same mass.
Massive hypermultiplets with the same mass
We consider the case that all the hypermultiplets have the same mass m := m 1 = · · · = m N f . The classical massless monopole point u 0 corresponds a solution of the discriminant ∆ N f = 0. In the u-plane, it is found as follows;
In the decoupling limit m → ∞ and Λ N f → 0 with m
0 being fixed, these points become the massless monopole point Λ 2 0 of the N f = 0 theory. If we consider the massless limit, these points become the massless monopole points for the massless N f theory.
We first discuss the N f = 1 theory. Here we consider the small mass |m| ≪ Λ 1 , where u 0 is expanded around m = 0 as [42] u 0 = − 3Λ 
whereũ = u − u 0 . By using the relations (3.11) and (3.12), we get the quantum SW periods up to the fourth order in around u = u 0 : From these expansions, we find that the monopole massless point U 0 is given by (5.10) where
For N f = 2, we find that the massless monopole point U 0 is found to be (5.10) where
In the case of |m| ≪ Λ 2 , we have
For N f = 3 with |m| ≪ Λ 3 , we have 40) in (5.10). Note that the first terms in the expansions of u 1 and u 2 correspond to those in the massless limit.
We can perform a similar calculation of U 0 up to the fourth order in for general m.
We find that the massless monopole point is shifted by the -correction. In Fig. 1 , we have plotted the graphs of the deformed massless monopole point as a function of m/Λ N f where we take = 1. For N f = 2, U 0 is singular at the Argyres-Douglas point where m/Λ 2 = 1/2. This is because the ratios of B (k) n in (5.11) and (5.12) are divergent. For N f = 1 and 3, however, their ratios are finite. In order to study the quantum SW periods near the Argyres-Douglas point, we need to rescale the Coulomb moduli and the mass parameters appropriately, which would be left for future work. 
Conclusions and Discussion
In this paper, we have studied the low-energy effective theory of N = 2 supersymmetric SU(2) gauge theory with N f hypermultiplets in the NS limit of the Ω-background. The deformation of the periods of the SW differential is described by the quantum spectral curve, which is the ordinary differential equation and can be solved by the WKB method.
The quantum spectral curve and the Picard-Fuchs equations for the SW periods provide an efficient tool to solve the series expansion with respect to the Coloumb moduli parameter and the deformation parameter . We have found a simple formula to represent the second and fourth order corrections to the SW periods which are obtained by applying some differential operators acting on the SW periods. In the weak coupling region we solved the differential equations up to the fourth order in . We have explicitly checked that the quantum SW periods gives the same prepotential as that obtained from the NS limit of the Nekrasov partition function .
We then studied the quantum corrections expansion around the monopole massless point. By solving the Picard-Fuchs equations for the SW periods, we have quantum corrections to the dual SW period a D . We then found that the monopole massless points in the u-plane are shifted by the quantum corrections. It is interesting to explore the higher order corrections and how the structure of the moduli space is deformed by the quantum corrections. It is also interesting to study the expansion around the Argyres-Douglas point [3, 4, 43, 44] in the u-plane where the mutually non-local BPS states are massless.
A generalization to the theories with general gauge group and various hypermultiplets is also interesting. The coefficients in the second order correction to the prepotential are for the fourth order in .
